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KEVIN BEANLAND AND DANIEL FREEMAN 



Abstract. Let X and Y be separable Banach spaces. Suppose Y either has a 
shrinking basis or Y is isomorphic to C{2^) and ^ is a subset of weakly compact 
operators from X to y which is analytic in the strong operator topology. We 
prove that there is a reflexive space with a basis Z such that every T & A 
factors through Z. Likewise, we prove that if ^ C £(X, 0(2")) is a set of 
operators whose adjoints have separable range and is analytic in the strong 
operator topology then there is a Banach space Z with separable dual such 
that every T £ yi factors through Z. Finally we prove a uniformly version of 
this result in which we allow the domain and range spaces to vary. 

1. Introduction 

Recall that if X and Y are Banach spaces then a bounded operator T : X -^ Y 
is called weakly compact if T{Bx) is weakly compact, where Bx is the unit ball 
oi X. If there exists a reflexive Banach space Z and bounded operators Ti : 
X ^ Z imdT2 : Z ^ Y with T = T2 o Ti then Ti and T2 are both weakly 
compact by Alaoglu's theorem and hence T : X ^ Y is weakly compact as well. 
Thus it is immediate that any bounded operator which factors through a reflexive 
Banach space is weakly compact. In their seminal 1974 paper 11 , Davis, Figiel, 
Johnson and Pelczyhski proved that the converse is true as well. That is, every 
weakly compact operator factors through a reflexive Banach space. Likewise, every 
bounded operator whose adjoint has separable range factors through a Banach 
space with separable dual. Using the DFJP interpolation technique, in 1988 Zippin 
proved that every separable reflexive Banach space embeds into a reflexive Banach 
space with a basis and that every Banach space with separable dual embeds into a 
Banach space with a shrinking basis 150] . 

For each separable reflexive Banach space X we may choose a reflexive Banach Z 
with a basis such that X embeds into Z . It is natural to consider when the choice 
of Z can be done uniformly. That is, given a set of separable reflexive Banach 
spaces A, when does there exist a reflexive Banach space Z with a basis such that 
X embeds into Z for every X € Al Szlenk proved that there does not exist a 
Banach space Z with separable dual such that every separable reflexive Banach 



The first author acknowledges support from the Fulbright Foundation - Greece and the Ful- 
bright program. 

The second author is supported by NSF Award 1139143. 

2010 Mathematics Subject Classification. Primary: 46B28; Secondary: 03E15. 



2 KEVIN BEANLAND AND DANIEL FREEMAN 

space embeds into Z [29] . Bourgain proved further that if Z is a separable Banach 
space such that every separable reflexive Banach space embeds into Z then every 
separable Banach space embeds into Z [5]. Thus, any uniform embedding theorem 
must consider strict subsets of the set of separable reflexive Banach spaces. In his 
Phd thesis, Bossard developed a framework for studying sets of Banach spaces using 
descriptive set theory [Hll^. In this context, it was shown in [M] and [28] that if A 
is an analytic set of separable reflexive Banach spaces then there exists a separable 
reflexive Banach space Z such that X embeds into Z for all X ^ A., and in [T3] 
and '16] it was shown that if A is an analytic set of Banach spaces with separable 
dual then there exists a Banach space Z with separable dual such that X embeds 
into Z for all X ^ A. In particular, solving an open problem posed by Bourgain 
[S], there exists a separable reflexive Banach space Z such that every separable 
uniformly convex Banach space embeds into Z [27]. As the set of all Banach spaces 
which embed into a fixed Banach space is analytic in the Bossard framework, these 
uniform embedding theorems are optimal. 

The goal for this paper is to return to the original operator factorization problem 
with the same uniform perspective that was applied to the embedding problems. 
That is, given separable Banach spaces X and Y and a set of weakly compact 
operators A C C[X, F), we want to know when does there exist a reflexive Banach 
space Z such that T factors through Z for all T £ A. We are able to answer this 
question in the following cases. 

Theorem 1. Let X and Y be separable Banach spaces and let A be a set of weakly 
compact operators from X to Y which is analytic in the strong operator topology. 
Suppose either Y has a shrinking basis or Y is isomorphic to C(2^). Then there is 
a reflexive Banach space Z with a basis such that every T (z A factors through Z . 

Theorem 2. Let X be a separable Banach space and let A C C{X, C(2 )) be a set 
of bounded operators whose adjoints have separable range which is analytic in the 
strong operator topology. Then there is a Banach space Z with a shrinking basis 
such that every T E A factors through Z . 

The idea of factoring all operators in a set through a single Banach space has 
been considered previously for compact operators and compact sets of weakly com- 
pact operators [31|TS1|5B]. In particular, Johnson constructed a reflexive Banach 
space Zk such that if X and Y are Banach spaces and either X* or Y has the 
approximation property then every compact operator T : X ^ Y factors through 
Zk [SO]- Later, Figiel showed that if X and Y are Banach spaces and T : X —i' Y is 
a compact operator, then T factors through a subspace of Zk [15] . It is particularly 
interesting that the space Zk is independent of the Banach spaces X and Y. In 
[To] . Brooker proves that for every countable ordinal a, if X and Y are separable 
Banach spaces and T : X ^ Y is a, bounded operator with Szlenk index at most 
w" then T factors through a Banach space with separable dual and Szlenk index 
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at most 0;"+^. This result, combined with the embedding result in [16] gives that 
for every countable ordinal a, there exists a Banach space Z with a shrinking basis 
such that every bounded operator with Szlenk index at most w" factors through a 
subspace of Z. In section 4 we present generalizations of Theorems [1] and [2] where 
the Banach space X is allowed to vary. 

The authors thank Pandelis Dodos for his suggestions and helpful ideas about 
the paper. Much of this work was conducted at the National Technical University 
of Athens in Greece during the spring of 2011. The first author would like to 
thank Spiros Argyros for his hospitality and for providing an excellent research 
environment during this period. 

2. Preliminaries 

A topological space P is called a Polish space if it is separable and completely 
metrizable. A set X , together with a u-algebra S, is called a standard Borel space if 
the measurable space {X, S) is Borel isomorphic to a Polish space. A subset A C X 
is said to be analytic if there exists a Polish space P and a Borel map f : P —^ X 
with f{P) ~ A. A subset of X is said to be coanalytic if its complement is analytic. 

Given some Polish space X, we will be studying sets of closed subspaces of X. 
Thus, from a descriptive set theory point of view, it is natural to assign a cr-algebra 
to the set of closed subsets of X which then forms a standard Borel space. Let 
F{X) denote the set of closed subspaces of X. The Effros-Borel a-algebra, E{X), 
is defined as the collection of sets with the following generator 

{{FeF{X) : FnU ^9}:U CX is open}. 

The measurable space {F{X),E{X)) is a standard Borel space. If X is a Banach 
space, then Subs{X) denotes the standard Borel space consisting of the closed 
subspaces of X endowed with the relative Effros-Borel cr-algebra. As every separable 
Banach space is isometric to a subspace of C(2'*'), the standard Borel space SB = 
Subs{C{2^)) is of particular importance when studying sets of separable Banach 
spaces. 

If X and Y are separable Banach spaces, then the space C{X, Y) of all bounded 
linear operators from X to Y carries a natural structure as a standard Borel space 
whose Borel sets coincide with the Borel sets generated by the strong operator 
topology (i.e. the topology of pointwise convergence on nets). In this paper when 
we refer to a Borel subset of C{X, Y) it is understood that this is with respect to 
the Borel cr-algebra generated by the strong operator topology. There are several 
papers in which C{X,Y) is considered with this structure [11[S1|S]. 

Both the set of all separable reflexive Banach spaces and the set of all Banach 
spaces with separable dual are coanalytic subsets of SB. This fact is essential in the 
proofs of the universal embedding theorems for analytic sets of separable reflexive 
Banach spaces and analytic sets of Banach spaces with separable dual [l4 ] . [I6 ] . [28] . 
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Thus, wc will naturally need the following theorem to prove our universal factor- 
ization results for analytic sets of weakly compact operators and analytic sets of 
operators whose adjoints have separable range. 

Proposition 3. For X, F G SB the following are coanalytic subsets of £{X,Y). 

(a) The set of weakly compact operators. 

(b) The set of operators whose adjoints have separable range (these operators 
are called Asplund operators). 

Before proving Proposition [3J we will need to introduce some more results from 
descriptive set theory. Given a Polish space E, let K{E) be the space of all compact 
subset of E. The space K{E) is Polish when equipped with the Vietoris topology, 
which is the topology on K{E) generated by the sets 

{{K e K{X) : KnU ^ 0} : [/ C X is open} and {{K G K{X) : K C U} : U C X is open}. 

When studying sequences in the unit ball of a separable Banach space X, we note 
that the the space S^ is a Polish space when endowed with the product topol- 
ogy. We will always consider Bi^ , the ball of £oo , to be equipped with the weak* 
topology. In [7] Bossard proves the following Theorem. 

Theorem 4 ([7]). The set 

E — {K G K(Bi^) : K is norm- separable} 

is coanalytic in the Vietoris topology of K{B^^). 

We will show that for all X, y G SB the set of operators whose adjoints have 
separable range is coanalytic in C{X, Y) by showing that the set is Borel reducible 
to S C K{Be^). To do this, we will define a map $ : C{X, Y) -^ K{Be^), and use 
the following theorem to show that it is Borel. 

Theorem 5. [22l Theorem 28.8] Let X and Y be Polish spaces and A cY x X be 
such that for each y (z Y the set Ay — {x E X : {y,x) (z A} is compact. Consider 
the map ^a '■ Y — > K{X) defined by ^Aiv) = Ay. Then A is Borel if and only if 
^A is a Borel map. 

By the Kuratowski and Ryll-Nardzewski selection theorem [23] we can find a 
sequence of Borel maps (sn)neN such that s„ : F{C{2^)) -^ C(2^) for each n G N 
and {sn{E))^^i is dense in E. In addition, for all n G N let d^ : SB ^ C{2^) 
be a Borel map such that ((i„(X))„gN is dense in Bx for all X G SB and for 
p, g G Q and m, fc G N if qdm(X) + pdk{X) G Bx then there is an £ G N with 
di{X) = qdm{X) +pdk{X). We will also assume that d„(X) ^ for aU X e SB 
and n G N. Working with the sequences (s„) and (d„) will be easier for us than 
deahng with the Efros-Borel tr-algebra or Vietoris topology directly. 
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Proof of Proposition O Item (a) is proved in [6] Proposition 9] and follows from the 
fact that weakly compact operators are exactly those operators that take bounded 
sequences in X to sequences that do not dominate the summing basis of cq. 

The proof of (b) requires a bit more effort, but it follows the same outline as 
the proof that the collection of all spaces with separable dual (SD) is coanalytic 
[8]. Let A{X, Y) denote the collection of operators in C{X, Y) whose adjoints have 
separable range. For T e A{X, Y) and y* G By Let 

For T G C{X,Y) let Kt = {fT-y ■ y* e By}- Notice that Kt can be identified 
with T*{By) via the homeomorphism T*{y*) i->- fx'y- Here T*{By) is endowed 
with the weak* topology. So, Kt is compact in Bg^ with the weak* topology. 
Define £>£ C C{X, Y) x Bg^ as follows 

{T,f)eDc ^^ feKr. 

Using the following characterization, the set Dc is Borel. 

(T, /) G Dc <^=^ Vn, m, fc G N Vg, p G Q we have 

(pTdniX) + qTdraiX) = TdkiX) =^ 

p\\d,,{X)\\fin) + q\\d,n{X)\\f{m) = \\dk{X)\\f{k)). 

Notice that for each T G £(X, Y) the set Dt ^ {f : (T, /) G Dc} is equal to Kt 
and is therefore compact. Applying Theorem[5l $ : C{X, Y) -^ K{Bi^) defined by 
<i>(T) = Kt is a Borel map. Finally, note that 

T G A{X., Y) ^=^ $(r) = /-sTt G S = {X G K{Be^) : K is norm-separable}. 

Using Proposition [4] we have that A{X, Y) is Borel reducible to a coanalytic set 
and is hence itself coanalytic. D 

Concerning reflexive Banach spaces with bases as well as Banach spaces with 
bases and separable dual, Argyros and Dodos [2] proved the following deep theorem. 

Theorem 6 ([2]). Let A C SB be an analytic collection of reflexive Banach spaces 
(resp. Banach spaces with separable dual) such that each X (^ A has a basis. Then 
there is a reflexive Banach space Z^ (resp. Banach space with separable dual) with 
a basis that contains every X G A as a complemented subspace. 

Although it is possible for us to apply Theorem [6] as a black box, we give some 
brief description here about how the space Z_4 is constructed. Let A C SB be an 
analytic collection of reflexive spaces. Since the map from S'^^/qn-, to SB given by 
{xn)n&i ^^ [xn]n&i is Borcl and the set of basic sequences in a Banach space is 
Borel, we obtain an analytic set B of basic sequences in Sc(2'^) such that for every 
reflexive Banach space X (i A there exists (a;„) G B such that (a;„) is a basis for X 
and for every (a;„) G S we have that [xn] G A. Instead of working with an analytic 
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collection of Banach spaces A, we can now work with an analytic collection of basic 
sequences B. Argyros and Dodos, then give a procedure to amalgamate B into a 
tree basis {xa)a^Tri where Tr is a finitely branching tree. That is, they construct 
{xa)aeTr C Sc{2'*) such that {xa)aeTr C S'c(2») IS a basic sequence under any 
ordering which preserves the tree order, [xa] is reflexive, and every {xn) & B is 
equivalent to a branch of {xa)aeTr- Furthermore, if {an)neN is a branch of Tr then 
the restriction operator P : [x^JagTr -^ [xa„]neN given by P(^ a-aXa) = X) '^a„Xa„ 
is a bounded projection. Thus, Theorem [5] follows from the following results. 

Theorem 7 {[2])- Let A C C(2^) be an analytic collection of normalized shrinking 
and boundedly complete basic sequences. There is a reflexive Banach space Z with 
a basis (z„) such that if (Xn) G A then there exists a subsequence (A:„) o/ N such 
that {xn) is equivalent to {zk„) and [zk„] is complemented in Z. 

Theorem 8 ([2])- Let A C C(2^) be an analytic collection of normalized shrinking 
basic sequences. There is a Banach space Z with a shrinking basis (z„) such that if 
(xn) G A then there exists a subsequence (fc„) of N such that (a;„) is equivalent to 
(zfcjj and [zk,^] is complemented in Z. 

Given an analytic collection A of weakly compact operators, our goal is to ob- 
tain an analytic collection B of normalized shrinking and boundedly complete basic 
sequences such that for every T ^ A, there exists (a;„) G B such that T factors 
through [xn] ■ We then are able to apply Theorem [7] and obtain a separable re- 
flexive Banach space Z such that every T ^ A factors through a complemented 
subspace of Z. Hence, every T E A factors through Z itself. This idea of creating 
a complementably universal Banach space Z inorder to lift operators defined on an 
analytic collection of Banach spaces with bases was used by Dodos in [13], where 
he characterizes for what sets of separable Banach spaces C does there exist a sep- 
arable Banach space Z such that £i does not embed into Z and every X G C is a 
quotient of Z. 

3. Parametrized Factorization 

Notation 1. In the rest of the paper we set the following notation. 

(a) X denotes a separable Banach space and Y denotes a Banach space with a 
Schauder basis. 

(b) Let T G C{X, Y). Denote by (y^)„gN a basis of Y that depends on T and 
for fc G N, let Pjf : Y -^ [y'^ : n ^ k] he the natural projection. 

(c) Let y^ = E„eN T^Vn and Et :- co{TiBx) U {y^}). 

(d) Define 



Wt=\J P^iEr). 



feGN 



Note that Wt is closed, bounded, convex and symmetric. Also, P^ (Wt) C 
Wt for each fc e N. 
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(e) Let W CY he closed, convex, bounded and symmetric and for each m &N 
define 

W"" -.^ 2"'W + 2-"" By ■ 

(f) Let II • llvi/™ denote the Minkowski gauge norm of the set W™. That is, 



|y||M/™=inf{A>0:|eT4^"}. 



(g) Let 



ZT = {zeY:J2 Mw^ < ^} and ||z||t = ( J2 H^H^^ 

m—l ^ m—1 

The following items are proved in jTI] . The reader may also want to consult [HJ 
Appendix B] for a nice treatment of this material. 

Theorem 9 ([11 ). The following hold. 

(a) There exist Ti : X -^ Zt and T2 : Zt — >■ Y such that T = T2T1; in 
other words, T factors through Zy. Furthermore, T2 is constructed to be 
one-to-one. 

(b) y^ e spanWr for each n e N. Let z^ = T^^{y'^) for each n e N (this is 
well defined as T2 is one-to-one). The sequence (zJ)„gN is a (not normal- 
ized) basis for Zt • 

(c) The space Zt is reflexive if and only if Wt is weakly compact. 

(d) If T is weakly compact and (j/^) shrinking then Wt weakly compact. 

We sketch the proof of (b). Note that yo G Wt and P^{yo) = ^yi- Hence 
2/1 e spanWr because Pi{Wt) C Wt. Also, for n > 1, (Pj - -P,f-i)yo = ^Vn ^ 
Wt - Wt. Thus y„ € spanWr for each n e N. 

The next remark follows directly from the definition of the basis (see Theorem 
Hb)). 

Remark 10. A sequence {xn)nef>'i in (^(2^) is 1-equivalent to the basis (z,^)„gN of 
Zt if and only if for each (a„)„ e cqq 

00 00 CXD 

Yl II Yl °^»yn llw™ = II Y "»2;»ll^ 

m=l n— 1 72—1 

Lemma 11. Let B C C{X, Y) be Borel and suppose the map B 3 T 1-^ (2/^)„gN G 
Y^ is Borel. Then the following hold: 

(a) The map B 3T ^ y^ eY is Borel. 

(b) The map B 3 T ^ Et (^ F{Y) is Borel. 

(c) The map B 3 T t-^ Wt G FiY) is Borel. Moreover, for each m E N the 
map B3T^ W^ £ F{Y) is Borel. 

(d) The map BxY 3 {T,y)^ llylk™ «s Borel. 
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The proof of Lemma [TT] will rely on the following tool from Descriptive Set 
Theory. 

Fact 12. Suppose E is a standard Borel space, P is a Polish space and for each 
n €z N, fn '■ E ^ P is a Borel map. Then the map ^ : E -^ P{P) defined by 
(i)(x) = {/„(x) : n G N} for all x e E is Borel. 

Proof of Lemma [TlY a) . Let (x„)„gN be dense in Ex- Define t : B —^ Y^"^ and 
p:Y^' -^Y hy 

OO ^ 

r(r) = iyn)neN Vr e i3 and p((a;„)„gN) = ^ — a;„ V(x„) £ F^. 

n=l 

By assumption r is Borel and it is easy to see that p continuous. Therefore p o r is 
Borel. This proves the claim, as p o t(T) — J2^=i ^Vn — Vo ^^^ ^^ T E B. D 

Proof of Lemma Uiy b). Let {xn)neN be dense in Bx and let U he a non-empty open 
subset of Y. Notice that 

St n [/ ^ ^=^ 3n G N, gi, 92 e Q n [0, 1] with 

qi+q2 = 1, qi{Txn) + q2{yl) G U. 

For 71 e N and g G Q n [0, 1] we define r„^, : B -^ Y'^ and p : Y'^ -^ Y hy 

Tn,q[T) = {qTxn, (1 - q)yo) and p((zi, Z2)) = zi + Z2. 

Using (a) and the definition of strong operator topology, the map T„_q is Borel. 
The map p is continuous, and hence p o Tn^q is Borel. The set {p o Tn^q(T) : n G 
N and g G Qn [0, 1]} is dense in Et. Hence, the map B 3 T ^ Et e F{Y) is Borel 
by Fact [H □ 

Proof of Lemma \7lY c) . Let {xn)neN be dense in Bx and let U he a non-empty open 
subset of Y. For n, fc G N and g G Q H [0, 1] we define the map fn,k,q : B ^- Y hy 

fn,k,q{T) = PkiqTXn + (1 - q)yo)- 

Using the same argument used in the proof of Lemma lllf b). we have that fn,k,q 
is a Borel map. The set {fn,k,qiT) : n,k e N and g G Q n [0, 1]} is dense in Wt. 
Hence, the map B 3 T i-^ Wt G F{Y) is Borel by Fact [121 The same argument 
gives that the map B 3 T ^ W™ G F{Y) is Borel for each m G N. D 

Proof of LemmaUlYd). Let r G M with r > and notice that for {W, y) G F{Y) x Y 

\\y\\w < r ^=^ 3g G Q with < q <r and y G qW. 

Thus, the map F(Y) xY 3 iW,y) i-^ \\y\\w is Borel as qW is closed. The map 
(T, y) M- {W^,y) is Borel by part (c). Hence, the map (T, y) M- Hylliv" is Borel. D 
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Lemma 13. Let B C C{X, Y) be a Borel set and suppose that the map B 3 T ^^ 

{Vn)n&\ G Y^^ is Borel. Then the following set 

T = {(T, (a;„)) G i3 x C{'f'f : (zj) is 1-eqmvalent to (a;„)} 
is Borel m C{X,Y) x (7(2^)^. 
Proof. For k,p, N E f^ and a= (oi, ..., at) G Q*", we let 



f ^ 

Ak.N.a = < (r, (xn)) e J" : ^ ^ a„yj 

*- l<m<Ar 11=1 



2 




k 




< 


y ]anXn 


W™ 




n=l 



and 



Bk,p,N.a = < (T, (a^n)) e -7^ 



n=l ^ l<m<Af n=l W:^ J 



The sets Ak,N,a,Bk,p,N,a C B x C{2^)^ are Borel as the maps T ^^ (y^)„gN and 
(T, y) ^ ||y||w™ are Borel. By Remark[Tni we have that J" = flfc.AfeNiaeQ^fc.^.a '^ 
nfe,peN;aeQ Ungn Bk,p,N,a, and hence J" is Borel. 



D 



The next proposition is our main tool for proving Theorems [T] and [2] 



Proposition 14. Suppose that B C C{X, Y) is a Borel collection of weakly compact 
operators (resp. operators whose adjoints have separable range), the map B 3 T ^^ 
(2/n )neN G y^ is Borel and for each T E B and the space Zt is reflexive (resp. has 
separable dual) with basis (zj). Then there is a reflexive space (resp. space with 
separable dual) with a basis Zjg such that each T E B factors through Zg. 

Proof. We prove the weakly compact case. The case of operators whose adjoints 
have separable range is analogous. By Lemma [T31 the set 

{(T, (x„)) eBx C{2^y* : (zj) is 1-equivalent to (x„)} 

is Borel in £iX,Y) x C{2^'f. Hence, the set 

2b = {{xn) e C{2^Y -.BT eB such that (2^) is 1-equivalent to (a;„)} 

is analytic in C(2^)'^. By Theorem[7]there is a reflexive space Zg such that if (zj) E 
Zjs the space Zt is isomorphic to a complemented subspace of Zg. That is, there 
exists an embedding It '■ Zt — > Zg and a bounded projection Pt : Zjg — > It{Zt)- 
Given the factorization Ti : X ^>- Zt and T2 : Zt — > Y with T = T2T1 , we now have 
the factorization ItTi : X -^ Zb and T2It^Pt : Zq-^Y with T = T2It^PtItTi. 
Thus, each T E B factors through Zg. □ 

Theorem 15. Suppose Y has a shrinking basis and A C C{X,Y) is an analytic 
collection of weakly compact operators. Then there is a reflexive space with a basis 
Z_\ such that each T E A factors through Z^. 
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Proof. By Proposition [3] the collection of all weakly compact operators from X to 
Y (for separable X and Y) is coanalytic. Using Lusin's separation theorem [22j 
Theorem 28.1] there is a Borel set B of weakly compact operators such that A C B. 
Let (?/„) be a shrinking basis for Y. For each T ^ B, set y'^ — yn for each n G N. 
Clearly, T i->- {yn)n£fi is Borel, as it is constant. Using Theorem [9l for each T e B 
the space Zt is reflexive and has a basis {z'^)neN- We apply Proposition[T4]to finish 
the proof. D 

Next we prove Theorem[T]and Theorem[2]for Y ~ C(2^). We will use the method 
of slicing and selection developed by Ghoussoub, Maurey and Schachermayer [17]. 
This method was used to give alternate proofs of Zippin's theorems that every 
reflexive separable Banach space embeds into a reflexive Banach space with a basis 
and every Banach space with separable dual embeds into a Banach space with a 
shrinking basis. Dodos and Ferenczi 14, showed that it is possible to parametrize 
this slicing and selection procedure. We will use their parametrized selection in 
our proof. They proved that given an analytic collection A of separable reflexive 
Banach space (respectively Banach spaces with separable dual), there exists an 
analytic collection A' of separable reflexive Banach spaces with bases (respectively 
Banach spaces with shrinking bases) such that for all X G ^ there exists Z E A' 
such that X embeds into Z. Before proceeding to the proof, we must introduce 
several notions involved in the slicing and selection procedure. 

Let ii^ be a compact metric space. A map A:_Bxi5— >Kisa fragmentation if 
for every closed subset K oi E and e > there exists an open subset V oi E with 
KnV ^9 and such that sup{A(a;, y) : x,y e K nV} i^ e. Recall that K{E) is the 
space of all compact subsets of E. In [T7j they prove the following. 

Theorem 16 ([17 ). Let E be a compact metric space and A be a fragmentation 
on E. Then there is a function sa : K{E) -^ E called a dessert selection satisfying 
the following: 

(i) For every non-empty K £ K{E), we have Si\{K) G K . 
(ii) IfKcC are in K{E) and sa(C) G K, then SAiK) = sa(C). 
(iii) // {Km) are descending in K{E) and K = r\mKm, then 

\imAisA{Krn),SA{K))=0. 
ra 

Definition 17. Let Z be a standard Borel space. A parametrized Borel fragmen- 
tation on E is a map T):ZxExE^M. .such that for each z G Z , setting 
'Dz{-, ■) := 'D{z, •, •) the following are satisfied. 

(1) For z G Z , the map V^ : E x E ^ R is a fragmentation on E. 

(2) The map T> is Borel. 

Let 2? be a parametrized Borel fragmentation on a compact metric space E with 
respect to some standard Borel space Z. Define sv '■ Z x K{E) -^ Ehy s-d{z, K) — 
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sv^ (K) where sv^ is the dessert selection associated to the fragmentation "Dz and 
given by Theorem 1161 We need the following important theorem of Dodos. 

Theorem 18. !12[ Theorem 5.8] Let E be a compact metrizable space and Z be a 
standard B Orel space. LefD : ZxExE ^ E be a parametrized Borel fragmentation. 
Then the parametrized dessert selection s-p '. Z x K{E) — > E associated to T) is 
Borel. 

For convenience, we restate Theorem [2] 

Theorem 19. Let X be a separable Banach space and let A C C{X,C{2^^)) be a 
set of bounded operators whose adjoints have separable range which is analytic in 
the strong operator topology. Then there is a Banach space Z with a shrinking basis 
such that every T ^ A factors through Z . 

Proof. Let A C C{X, C(2^)) be an analytic collection of operators whose adjoints 
have separable range. Using Proposition |3] the space of all operators whose adjoints 
have separable range is coanalytic. Therefore we may apply Lusin's theorem |221 
Lemma 28.1] to find a Borel set B operators whose adjoints have separable range 
such that A C B. 

The main step in the proof is to define a parametrized Borel fragmentation and 
use the associated parametrized dessert selection to pick a basis (y^)„gN of C(2'^) 
such that T h^ (j/n )neN is Borel and the sequence (2;,^) is shrinking. Once this is 
done we can apply Proposition 1141 to finish the proof. 

Define the map V : B x 2^ x 2^' ^Rhy 

V{T,a,T) ^ svip{\d„{ET){(j) ~ dr,{ET){T)\ : n e N} 

We claim that for each T G B, Vt = X'(T, •,•) is a fragmentation. To see this, 
we will follow the argument in J17j . It will be convenient to define a new operator 
To : X ©1 €f -J. C{2^) by Tq{x, a, h) = T{x) + aj/o + bid for all (x, a,b) € X ©1 (.1, 
where Id denotes the identity function on 2^^. Note that TJ has separable range 
because T* has separable range. As Id G To(i?xei«^)' ^^^ following defines a metric 
on C(2N), 

A(a,T) = sup{|/(a) - /(t)| : / e T^{B^^^,.)} for ah o,t e C{2^). 



As Et C ro(Sx©if2)> ■'^G have that if A is a fragmentation then Vt = T>{T, •, •) is 
a fragmentation. For a G 2^, we denote da S C(2^)* to be point evaluation at a. 
Thus, A(cr,T) = \\T^iSa) - T^iSr)\\- As Tg* has separable range, the metric A wih 
be separable on 2^. Given e > and ct G 2^, we have that the closed e-ball about 
a in the A metric is given by 

BA{<y,£) :- {r G 2^ : A(a,r) < e} ^ r^feToiB,^^,.){T E 2« : |/(a) - /(r)| < e}. 

Thus, -BaIo", e) is closed in the usual topology on 2^*. Let e > and K C 2^ he 
closed. We let A C X be a countable subset which is dense in the A metric. Thus, 
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K C UcreA-BA(a', e/2). By the Baire Category Theorem, there exists a E A such 
that Ba{o', e/2)nK is not relatively nowhere dense. Thus, there exists a non-empty 
open set V C BA{cr,e/2)nK, as B a (cr, e / 2) n K is dosed. We have that if n F ^ 
and sup{ A(a:, y) : x,y £ K CiV} ^ e. Thus, A is a fragmentation. 

Invoking the Borelness of the maps {dn)neN and the map T — >■ Et, we have that 
I? is a parametrized Borel fragmentation according to Definition 1171 By Theorem 
[IS] there is a Borel map s : B x K{2^) -^ 2^ such that st : ^^(2^^) -^ 2^ defined 
by s{T, K) = st{K) is a dessert selection associated to the fragmentation Vt- We 
wiU use St to select a basis for C(2''). 

Define a sequence (ij)^^o in 2<'*^ as follows: Let t^ ^ 0. Let : 2<^ -> NU {0} 
denote the unique bijection satisfying (f){s) < (j){t) if either \s\ < \t\, or \s\ = \t\ and 
s <iox t. Fix 71 e N and t = <j)^^{n— 1). By Theorem[Tn]there is a unique it G {0, 1} 
such that t-^it -< sriVt), where K :== {cr G 2^ : s ^ cr} for s e 2<^K Set 

(1) tl = f^-j where j = it + I (mod 2) and e^ = x^/^ . 

As in (see [17] and [12l Claim 5.13 pg. 79]) (e^)^o i^ ^ normalized monotone basis 
of C(2^). In order to apply Proposition [TH we need the following claim. 

Claim 20. The map BbT^ (eDrT=o ^ C{2^^f is Borel. 

Proof. It is enough to show that for each n G N U {0} the map T h-> e^ is (call it 
tl)) Borel. Fix n G N U {0}. If n = let t = 0; otherwise, let t = (j)''^{n - 1). Let 

Bo = {TeB:t^l -<s(r,Vt)} and Bi =B\Bo. 

Let 

ft-.B^Bx K{2'') be defined by ft{T) = (T, Vt). 

Then Bq and Bi are Borel since Bq = /r^(s"^(^t-i)) and Bi = /r^(s"^(^t-o))- 
By definition 

[ Xy,„i Tg Bi. 
Since V'~^(xv„ ) = -Bo and i^^^ixv ^ ) = ^i, our claim is proved. D 

In [ITl Theorem III.l, page 503] or [12j page 80] they prove (zJ)„gN is a shrinking 
basis for Zt. Invoking Proposition [Ml the proof is complete. D 

Proof of Theorem\7l Now assume that A C C{X,C{2^)) is an analytic collection 
of weakly compact operators. This proof follows the same outline as the proof of 
Theorem[21 Indeed, it is enough to show that Zt is reflexive. Note that we already 
know (z^) is a shrinking basis for Zt. 

By Theorem [9fc) it is enough to show that Wt is weakly compact. This is 
proved in 'iT, Lemma 5.18]. Let T2 : Zt ^ C{2^), be as in Theorem [9i;b) . Set 
K = T2^{Et) (note that Tj"^ i^ '^^^U defined on Et). Since Et is weakly compact, 
iC is a weakly compact subset of Zt. For A: G N let Qfc : ^t ^> span{z^ : n ^ k} 
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be the natural projection. Since (2^)^! is shrinking we may use }1H Lemma 2] 
(also see [121 Lemma B.IO]) to conclude that 

K' = KU \jQk{K) 

fcGN 

is weakly compact. Note that T2{K') is also weakly compact and 



niK') = EtU[J T2{Qk{K)) = ^T U U PkiEr) = |J Pfc(^T) = Wt- 
fcsN fcsN ken 

This completes the proof. D 

Corollary 21. Suppose Z is a complemented suhspace of C(2^) and A C C{X^ Z) 
he an analytic collection of weakly compact operators (resp. a collection of operators 
whose adjoints have separable range). Then there is a reflexive space (resp. space 
with separable dual) Z_4 such that each T Cz A factors through Z^. 

4. Analytic collections of spaces 

In this section we present generalizations of Theorems [T] and [2] Our goal is 
to uniformly factor sets of operators of the form T : X -^ Y, where X and Y 
are allowed to vary. Our previous results relied on the fact that both the set 
of separable Banach spaces and the set of bounded operators between two fixed 
separable Banach spaces can be naturally considered as standard Borel spaces. 
However, the set of operators between separable Banach spaces which are allowed 
to vary is not immediately realized as a standard Borel space. To get around this, 
we will code operators using sequences. 

Let X,Y G SB and define Cxx C C{2^)^ by 

{wk)nefi G Cx^Y ^=^ Wk eY,ykeN (Vn, m,leN, Vg, r e Q 

dniX) = qd„i{X) +pdi{X) =^ w„ = qw,n + pwi) and 

■i i 

The map defined by Cx.y 3 {wk)ke'n i-> T G C{X,Y), where T is the unique 
operator Tdn{X) :— Wn for each n e N, is an isomorphism. Define C C SB x SB x 
C(2N)N by 

(X,y, (wfe)) e C ^=^ iwk)ken e Cxx- 
Note that £ is a Borel subset of SB x SB x C(2^)^ and is thus a Standard Borel 
space. 

Proposition 22. The following subsets of C are coanalytic. 

W = {{X, Y, (wk)) £ C: the operator T £ C{X, Y) defined by 

Tdk{X) — Wk for all fc G N, is weakly compact} 
STZ = {{X, Y, (wfe)) G C : the adjoint of the operator T G C{X^ Y) defined by 

Tdk{X) = Wk for all k (z N has separable range} 
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Proof. In 1^ it is proved that an operator T : X -!• Y is weakly compact if for every 
bounded sequence (a;„) in Bx the image {Txn) does not dominate the summing 
basis of cq. Let [N] denote the set of all infinite increasing sequences in N. This 
gives us the following characterization of W 

(X, Y, K)) G W <^ V(A:,),eN e m, Vn G 3(a,) e Q<n, 



7 aiWfcJ|<-sup y^ 






Therefore W is coanalytic. 

It remains to show that 57^ is coanalytic. The proof follows the proof of Propo- 
sition [3] after making the following changes to accomodate the triples {X, Y, (wk)) G 
Sn. Let 

and 

Kl^X.Y^iwk)) = {f(X.Y.,(wk)),y' ■ y* e By}- 

Finally, define V d jC x Bi^ by 

((x,y,K)),/)GP ^^ /ei^(x,y,(«,,)). 

As before, T> is Borel and the map $ : £ -> K{Be^) defined by ^{{X.Y, {wk)) = 
K(x,Y,{wk)) is Borel with 

(x,y,(wfe))G57^ ^^ $((x,r,(wfe))) = E. 

Thus, iST?. is coanalytic. D 

Notation 2. In this new setting we make set the following notation. Note that in 
most cases we are simply replacing T by (X, Y, (wfe)). 

(a) Let {X, Y, (wk)) G C Denote by (j/„ ' )ngN a basis of Y that depends 

on {X,Y, (wk)) and for /fc G N, let p^(^^'*'.(""=)) • y -^ [yk^'^'^'^"'''' : n ^ fc] be 
the natural projection. 

(b)Letyf^-'(-»=E„eN^^^^"^^'"^»and 



E(x,Y,{w^)) := co{{wk}keN U {y^'^''^'^""'"}). 
(c) Define 



W^X,Y,i^,)) ^ [J Pi''''^^^^''^\E(X,Y,i^.))). 



ken 



The set ^^(x.Y.c^fc)) ^^ closed, bounded, convex and symmetric. Also, 
^r''''^'"'="(M^(x,F,(».))) C W^(Jf,y,(^.)) for each keN. 



UNIFORMLY FACTORING WEAKLY COMPACT OPERATORS 15 



(d) Let 

oo 



?n — 1 



^ m—l ^ 



The next lemma, which we state without proof, are analogous Lemmas [TT] and 

US 

Lemma 23. Let B C C be Borel and suppose the map B 3 {X,Y,{wk)) *-> 
(2/i^'^'^""°-'^)„eN e C{2^Y is Borel. Then the following hold: 

(a) The map B 3 (X, F, {wu)) ^ y^-^ ■'*'■('"'■» e (7(2^) is Borel. 

(b) The map B 3 {X,Y, (wk)) ^ ^(x,y,(^,)) £ i^(C(2f*)) is Borel. 

(c) T/ie map B 3 {X,Y,{wk)) ^ W^x,y,{w^)) e F{C{2^'^)) is Borel. Moreover, 
for each m e N the map B 3 {X,Y,{wk)) >-> W^(x,y,(«„)) ^ F{C{2^*)) is 
Borel. 

(d) The mapBxY3 ((X, Y, K)), y) ^ Mwr^,, „ *s Bore/. 

Lemma 24. Let B d C be Borel and B 3 (X, Y, (wk)) ^ (2/i^''^'^""°'^)„eN e Y^ be 
a Borel map. The set 

Z = {{{X,Y, {wk)),E) e B X SB : E is isometric to Zi^x,Y.{wk))}- 

is analytic in C x SB. 

We can now state and prove our main theorem of this section. 

Theorem 25. Set 

Wc(2^*) = {{X,Y, [wk)) CzW -.Y IS isomorphic to C{2^)} 

STZc{2«) = {{X,Y, (wk)) eSn-.Y IS isomorphic to C(2^)} 

Suppose that A is an analytic subset of Wci2") (Tesp. STZq^ok)). Then there is a 
separable reflexive Banach space with a basis (resp. space with a shrinking basis) 
Z such that for each {X,Y^ (wfe)) G A the operator T defined by Tdn{X) = Wn for 
each n E N, factors through Z . 

Proof. We will sketch the proof for Wc(2'')y the proof in the case of STZc{2'') is 
analogous. Let A C Wi:7(2N) be analytic. Proposition B^ and Lusin's theorem [^ 
Lemma 18.1] together tell us that yVc(2") is coanalytic and that there is a Borel 
subset B of yVc(2«) such that A C B. The goal is is apply Lemma [231 Following 
along the same route we tracked out in the proof of Theorem [5] we can find for 
each {X,Y,{v]k)) € ^0(2'') a basis {ei, ' )neN of C(2^) such that the map 

{X,Y,(wk)) H- (e„ ' )neN is Borel, as desired by Lemma [Ml Again, using 
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the same argument, we claim that for {X,Y, (wk)) G Wc(2?<) the space Z(^x,Y.{wk)) 
(defined above) is reflexive with a basis. Applying Lemma [24] yields that 

ZB = {ZeB: 3(X,y, (wk)) e B, Z^x.Y,iw,)) = Z}. 

is analytic. Therefore, using the same procedure as in the proof of Proposition 
[T4l we obtain a reflexive space Z^ such that every operator T coded by a triple 
{X, Y, (wk)) e B factors through Zg. D 

5. Applications 

In this section we provide several consequences of our uniform factorization re- 
sults. In [B] several examples are given of Banach spaces X and Y such that the 
space of weakly compact operators from A" to K is coanalytic but not analytic. 
For example, let U be the separable Banach space of Pelczyhski which contains 
complemented copies of every Banach space with a basis. It is shown in [B] that 
the set of weakly compact operators on U is coanalytic but not Borel. In terms of 
factorization, we have the following. 

Proposition 26. There does not exist a separable reflexive space Z such that every 
weakly compact operator from U to C(2'') factors through Z. In particular, the set 
of weakly compact operators from U to C{2^) is not analytic. 

Proof. Let ^ be a countable ordinal and let Aj be the Tsirelson space of order ^. 
For our purposes we just need that X^ is a reflexive Banach space with a basis and 
has Szlenk index w^"^ [25] . We consider X^ as a complemented subspace of U and 
let Pj : [/ — > A^ be a bounded projection from U onto A^. Let i^ : X^ -^ C(2^) 
be an embedding of A^ . The operator i^ is weakly compact as Aj is reflexive, and 
hence the operator Tj := i^ o P^ is weakly compact. If there was a Banach space Z 
with separable dual such that for all countable ordinals ^ the operator T^ factored 
through Z, then, since i^ is an isometry, Z would contain an isomorphic copy of 
A^ for all countable ordinals ^. This would imply that the Szlenk index of Z is 
uncountable which contradicts that Z has separable dual [29]. D 

Proposition 27. There exists a Banach space Y with a shrinking basis such that 
there does not exist a separable reflexive Banach space Z so that every weakly com- 
pact operator on Y factors through Z . In particular, the set of weakly compact 
operators on Y is not analytic. 

Proof. Consider the collection Aoj^ of all separable Banach spaces with shrinking 
bases and Szlenk index less than or equal to oj". It is shown in [7] that A^^ is 
an analytic subset of SB. Using Theorem |6] there is a Banach space Y with a 
shrinking basis such that for each X in Auj^ there is a complemented subspace of 
Y isomorphic to X. Now let ^ be a countable ordinal and let A^ be the Tsirelson 
space of order ^. For this proof, we just need that X^ is a reflexive Banach space 
with a basis and, Szlenk index w^" and that A| has Szlenk index at most w'^ [28] . 
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Thus X^ is isomorphic to a complemented subspace of Y. We consider X^ as a 
complemented subspace of Y and let P^ : y — > X! be a bounded projection from 
y onto XJ. Let i^ : X| — > F be the identity on Xt. The operator i^ is weakly 
compact as X^ is reflexive, and hence the operator T^ :— i^ o P^ is weakly compact. 
If there was a reflexive Banach space Z such that for all countable ordinals ^ the 
operator T^ factored through Z, then, since i^ is an isometry, Z would contain an 
isomorphic copy of X! for all countable ordinals ^. Thus, X^ would be a quotient 
of Z* for all countable ordinals ^. This would imply that the Szlenk index of Z* is 
uncountable which contradicts that Z is reflexive [29J. D 

In contrast to the negative results of Proposition [^ and Proposition E71 we have 
the following theorem. 

Theorem 28. Let X be a Banach space with a shrinking basis such that X** is 
separable. The set of weakly compact operators on X is a Borel subset of C{X). In 
particular, there exists a reflexive Banach space Z such that every weakly compact 
operator on X factors through Z . 

Proof. Let {xk)^i be a shrinking basis for X with biorthogonal functionals {xD^^, 
and let D C X** be dense. We denote the set of weakly compact operators on X 
by W{X). By Gantmacher's Theorem, an operator T G ^{X) is weakly compact if 
and only if T**(X**) C X. In particular, 

(2) T eW{X)^T**f eXWf eD. 

Since {xk)^^i is a w*-basis for X**, 



(3) 



/ 



lim y x*if)x, for ah f e X** . 



Thus, we have for all / G X** that 
(4) 



N 



E 4(7^"/):^^ 



k=M 



T**feX^T**f=\\-\\-\imy^xl{T**f)xk^ lim lim 

n^oo -^ — ' A/->oo N—^oc 

fe=l 

Note that T**{x) = T{x) for all x^X. Since T** is w* to w* continuous, 

n 

T**f = w* - lim y^x*{f)T{x,) for all f £ X** . 



Hence, for all A; G N, we have that 

xl{T**f)xk 
Substituting into ^ gives. 



Xm, xl[Y,x*{f)T{x, 



Xk- 



T**f eX -^ hm hm hm 

M^oo TV— i-oo rn-oo 



Af 



E 4 E4(-^)^(^*) 



a;/c 



fe=M 
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Thus, WiX) isBorelbyEl 

D 

Let J be the quasi-reflexive space of James [12]. Laustsen [24 proved the fol- 
lowing result by constructing the required space. As J has a shrinking basis and 
J** is separable, we obtain it as a corollary of Theorem [28l 

Proposition 29. There is a reflexive space Z such that every weakly compact 
operator on J factors through Z . 

In [25], Lindenstrauss showed that for each separable Banach space X there is 
a separable Banach space Y such that Y** /Y is isomorphic to X. In particular, 
the space Y has separable bidual. Therefore, Theorem [5H] yields that whenever Y 
has a basis, every weakly compact operator on Y factors through a single reflexive 
space. 

Proposition 30. Let X and Y be separable Banach spaces. Then every closed 
norm-separable set S of weakly compact operators is Borel in the strong operator 
topology. 

Proof. Let {Tk)ki£N be a dense subset of S and (dfe)fcGN be dense in Bx. Then 

T £ S <=> Vm e N, 3k eN such that Vj e N, \\(T - Tk)d, 11 < — . 

m 

From this characterization it follows that S is Borel. D 

One corollary of Proposition [301 is that if X* or Y has the approximation prop- 
erty, then the set of compact operator from X to F is Borel. In [5D] Johnson 
proved that there is a space Zk such that every operator which is the uniform 
limit of finite rank operators (independent of the spaces X and Y) factors through 
Zfc- In particular this implies that whenever either X* or Y has the approximation 
property every compact operator from X to Y factors through Zk- Johnson and 
Szankowski [21) proved that there is no separable Banach space such that every 
compact operator factors through it. The following result follows from Proposition 
[30] and Theorem [1] and is a weaker version of Johnson's Theorem. 

Corollary 31. // Y is Banach space with a shrinking basis or is isomorphic to 
C(2^) then there exists a reflexive space Z such that if X is a separable Banach 
space with the approximation property then every compact operator from X to Y 
factors through Z . 

Proof. Let Y either be a Banach space with a shrinking basis or be isomorphic to 
C(2^). By Proposition [501 and Theorem [U there exists a refiexive Banach space 
Z such that every compact operator from U to Y factors through Z. If X is a 
separable Banach space with the approximation property then X is isomorphic 
to a complemented subspace of U. Every compact operator from X to Y has a 
compact factorization through U and hence factors through Z as well. D 
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Proposition 32. There exists a separable hereditarily indecomposable Banach space 
X , with HI dual and non- separable bidual, and a reflexive Banach space Z such that 
every weakly compact operator on X factors through Z . 

Proof. In [I] the authors construct an HI space X with a shrinking basis such that 
X* is HI and X** is non-separable and on which every operator is a scalar multiple 
of the identity plus a weakly compact operator. Once again it suffices to show that 
the set of weakly compact operators on X is Borel. In [1] they prove that each 
weakly compact operator on X is strictly singular. It is shown in [3] that when the 
strictly singular operators have codimension-one in C{X) they are a Borel subset. 
It follows that the set of weakly compact operators on X is a Borel subset of C{X). 
Hence, we may apply Theorem [TJ D 
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